We expand on Nekovář's construction of the plectic half transfer to define a plectic Galois action on Hilbert modular varieties. More precisely, we study in a unifying fashion Shimura varieties associated to groups that differ only in the centre from R F/Q GL 2 . We define plectic Galois actions on the CM points and on the set of connected components of these Shimura varieties, and show that these two actions are compatible. This extends the plectic conjecture of Nekovář-Scholl.
Introduction
In this article we study new symmetries in the theory of complex multiplication (CM). The Main Theorem of CM due to Tate [Tat16] and Deligne [Del82] describes the Galois conjugate of a CM abelian variety and consequently the action of the absolute Galois group Γ Q of Q on the CM points of certain Shimura varieties. For one of these Shimura varieties -the PEL Hilbert modular variety -Nekovář [Nek09] extended this Galois action on the CM points to a certain subgroup of the plectic Galois group defined below.
The main purpose of this article is to extend Nekovář's results to all Shimura varieties whose associated groups differ only in the centre from R F/Q GL 2 , where F is a totally real field. This is motivated by the so-called "plectic conjecture" of Nekovář-Scholl [NS16] . It predicts an additional "plectic" structure of motivic origin on the Shimura variety associated to R F/Q GL 2 -the (non-PEL) Hilbert modular variety. By studying all groups that differ in the centre from R F/Q GL 2 , we both generalise and interpolate between [Nek09] and [NS16] .
Fix a totally real field F of degree [F : Q] = r. The plectic Galois group is the semi-direct product S r ⋉ Γ r F of the symmetric group S r with r-tuples of elements of the absolute Galois group of F . A choice of coset representatives s i for Γ Q /Γ F yields an embedding of Γ Q into S r ⋉ Γ r F by sending γ to (σ, (h i ) 1≤i≤r ) determined by γs i = s σ(i) h i , 1 ≤ i ≤ r.
The PEL Hilbert modular variety Sh(G 0 , X 0 ) is the Shimura variety associated to the group G 0 defined by the Cartesian diagram (1.1)
The Shimura variety Sh(G 0 , X 0 ) is of PEL type; it parametrises isomorphism classes of abelian varieties with real multiplication by F equipped with extra structure. If P is a special point of Sh(G 0 , X 0 ), then P corresponds to a CM abelian variety A of type (K, Φ) for a totally imaginary quadratic extension K of F and a CM type Φ of K. For γ ∈ Γ Q , the Galois conjugate γ P of P thus corresponds to the Galois conjugate γ A of A. The Main Theorem of CM describes γ A via Tate's half transfer F Φ (γ) ∈ Γ ab K and a suitably normalised preimage of F Φ (γ) under the Artin map, the Taniyama element
To extend the Galois action on the CM points of Sh(G 0 , X 0 ) to a plectic Galois action, Nekovář defines a plectic half transfer F Φ : S r ⋉ Γ r F → Γ ab K extending Tate's half transfer. For elements of a certain subgroup (S r ⋉ Γ r F ) 0 of S r ⋉ Γ r F , he defines a plectic Taniyama element taking values in A × K,f /K × as a class-field-theoretic preimage of the plectic half transfer. The action of (S r ⋉ Γ r F ) 0 on the CM points of Sh(G 0 , X 0 ) is then defined by replacing the Taniyama element by its plectic counterpart.
The group G 0 is closely related to R F/Q GL 2 . In this article we study Shimura varieties associated to groups G that are related to R F/Q GL 2 by the Cartesian diagram (1.2)
i. e. we replace G m in (1.1) with an arbitrary Q-algebraic torus R with G m ⊂ R ⊂ R F/Q G m . For example, for R = R F/Q G m the group G is equal to R F/Q GL 2 whose associated Shimura variety is the non-PEL Hilbert modular variety. For the rest of this introduction, fix such a torus R and the corresponding group G. In Definition 3.15 we define a subgroup (S r ⋉ Γ r F ) R CM of S r ⋉ Γ r F . The first result is Theorem 1.1 (Theorem 3.18). The group (S r ⋉ Γ r F ) R CM acts on the CM points of the Shimura variety Sh(G, X), extending the action of Γ Q .
To prove it, we follow a strategy similar to Nekovář's. Namely, we start by describing the points of Sh(G, X) in terms of abelian varieties with real multiplication equipped with extra structure, see Theorem 2.4, and use Nekovář's plectic half transfer. The main difference is that by choosing a splitting χ F of the Artin map r F : A × F,f /F × >0 → Γ ab F , we are able to define the plectic Taniyama element on the entire plectic group S r ⋉ Γ r F , see Definition 3.11. In the theorem, we then have to restrict to a subgroup (S r ⋉ Γ r F ) R CM of S r ⋉ Γ r F because otherwise the action on the polarisation class of the CM abelian variety would not be well defined.
We similarly define, in Definition 4.8, another plectic group (S r ⋉ Γ r F ) R π 0 and an action of this group on the set π 0 (Sh(G, X)) of connected components of the Shimura variety Sh(G, X). This action extends the Γ Q -action, and moreover the group (S r ⋉ Γ r F ) R CM canonically embeds into (S r ⋉ Γ r F ) R π 0 , see Lemma 4.11. Using the description of the set of connected components of a Shimura variety as a zerodimensional Shimura variety in combination with the plectic actions defined above, we prove our main result:
Nekovář-Scholl conjecture a plectic structure for Shimura varieties associated to groups of the form R F/Q H, for a reductive group H over F . In [NS16] they outline how this plectic structure should manifest in various realisations and sketch arithmetic applications to special values of L-functions. For example, on the étale cohomology groups of Shimura varieties, a plectic structure is simply an action of the plectic group extending the Galois action.
In this article, we describe plectic structures on CM points and on the set of connected components for the Shimura variety associated to G. However, the group G is not of the form R F/Q H for any H unless R = R F/Q G m , in which case G = R F/Q GL 2 . In this special case, our results fit into the framework of [NS16] 1 . By proving our results for all R and hence for all G that differ in the centre from R F/Q GL 2 , we add some flexibility to the plectic framework. In the case R = G m the action in Theorem 1.1 is precisely the one discovered in [Nek09] ; we thus bridge the gap between [Nek09] and [NS16] .
The definition of the plectic action on π 0 (Sh(G, X)) and Theorem 1.2 are new results even for R ∈ {G m , R F/Q G m }. For other plectic structures, see [NS17] for the Hodge realisation and [Bla16] for the construction of a plectic Taniyama group. Recently, Tamiozzo [Tam19] proved a function field analogue of the plectic conjecture and proposed a way of tackling the number field version using Scholze's diamonds and mixed characteristic shtukas.
Structure of the article. Section 2 serves a threefold purpose. We introduce notation, study the Shimura varieties Sh(G, X), and present the results of CM theory in a form most amenable to generalisation. In §2.2 we prove that G and R F/Q GL 2 differ only in the centre, see Lemma 2.1, and that the complex points of Sh(G, X) can be described using abelian varieties equipped with real multiplication and an R(Q)-class of a polarisation, see Theorem 2.4. In particular, this allows us to study the special, i. e. CM, points of Sh(G, X) in §2.3. For a fixed CM field K, we describe the Γ Q -action on points of Sh(G, X) with CM by K of CM type Φ using Tate's half transfer F Φ : Γ Q → Γ ab K , the Taniyama element f Φ : Γ Q −→ A × K,f /K × , and the Main Theorem of CM, see Theorem 2.6.
In Section 3 we explain the plectic generalisation of CM theory. We start §3.1 with properties of the plectic Galois group Γ pl , a choice-free version of S r ⋉ Γ r F , and then recall the definition of Nekovář's plectic half transfer F Φ : Γ pl −→ Γ ab K . In §3.2 we use a splitting χ F of the reciprocity homomorphism r F :
We prove that the plectic Taniyama element extends the (non-plectic) Taniyama element, see Lemma 3.13. Then we define the group Γ pl,R CM and an action of this group on the CM points of Sh(G, X), proving Theorem 3.18.
Section 4 is devoted to the set π 0 (Sh(G, X)) of connected components of the Shimura variety Sh(G, X). Using the general machinery of Shimura varieties, we prove in Lemma 4.1 that this set is equal to the zero-dimensional Shimura variety Sh(R, S) and recall the action of Γ Q on it, which is given by a certain reciprocity homomorphism, see Definition 4.4. We show in Lemma 4.6 that π 0 (Sh(G, X)) = π 0 (R(A)/R(Q)), enabling us to define the plectic group Γ pl,R π 0 and an action of this group on π 0 (Sh(G, X)) extending the Galois action, see Definition 4.8. In Lemma 4.11 we prove that Γ pl,R CM canonically embeds into Γ pl,R π 0 , and then prove our main result in Theorem 4.12.
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Set-up
2.1. Notation. We denote the adeles (resp. finite adeles) of a number field k by A k (resp. A k,f ); the ideles (resp. finite ideles) of k are denoted by A × k (resp. A × k,f ). If k = Q, we usually drop the index Q from notation. The idele class group is denoted by C k = A × k /k × . Throughout, we let Q be the algebraic closure of Q inside C and denote complex conjugation by c. For simplicity of notation, we assume that all number fields are embedded into Q. For a number field k, we let Γ k := Gal(Q/k) be the absolute Galois group of k.
We write art k : C k → Γ ab k for the Artin map of k, a topological group homomorphism characterised by sending uniformisers to geometric Frobenius elements; the Artin map is surjective with kernel equal to the identity component C 0 k of C k and thus induces an isomorphism art k : π 0 (C k ) ∼ − − → Γ ab k . The Artin map also induces a surjective homomorphism r k :
denotes the totally positive elements of k.
2.2.
Variants of the Hilbert modular variety. Throughout this article, fix a totally real field F ⊂ Q. Let Σ := Σ F := Hom(F, Q) be the set of embeddings of F into Q. Let G 1 be the algebraic group R F/Q GL 2 (Weil restriction of scalars) defined over Q, and let X 1 be the G 1 (R)-conjugacy class of the morphism h : S → (G 1 ) R that is given, on R-points, by
Here S denotes the Deligne torus R C/R G m ; also note that G 1 (R) = GL 2 (R) Σ . By letting GL 2 (R) Σ act on (C \ R) Σ by componentwise Möbius transformations, we identify X 1 with (C \ R) Σ by mapping h to (i, . . . , i). The pair (G 1 , X 1 ) is a Shimura datum, i. e. it satisfies the axioms [Del79, (2.1.1.1-3)]. The associated Shimura variety
is called the Hilbert modular variety associated to F . Here U runs over all compact open subgroups of G 1 (A f ), Z 1 denotes the centre of G 1 , and the second identity is
We study variants of the Hilbert modular variety by varying the centre of G 1 . To that end, fix an algebraic torus R over Q with
such that the composite morphism G m ֒→ R F/Q G m is given by the inclusion Q × ֒→ F × on Q-points. We define the algebraic groups G 0 and G by the two Cartesian squares
compare (1.1) and (1.2). On Q-points, the morphism d is the determinant map GL 2 (F ) → F × . More conceptually, it fits into the short exact sequence
where G der 1 denotes the derived group of G 1 . It is equal to R F/Q SL 2 .
Lemma 2.1. G and G 1 have the same derived group. Consequently, they also have the same adjoint group, the centre Z of G is equal to G ∩ Z 1 , and G/G der = R.
We therefore say that G differs only in the centre from G 1 .
Proof. By (2.2) we have ker(d) = G der 1 . By (2.1), the map d| G factors through R, and R is commutative, hence ker(d) contains G der . On the other hand, the Cartesian diagram (2.1) also implies that G contains ker(d) = G der 1 , and hence G der contains (G der 1 ) der = G der 1 , where the last equality holds because G der 1 is semisimple. We conclude that G der = G der 1 . Moreover, the adjoint group of a reductive group is the same as the adjoint group of its derived group, thus G ad = G ad 1 . Then
The morphism h : S → (G 1 ) R factors through (G 0 ) R . Let X be the G(R)conjugacy class of h. We have X ⊂ X 1 , and we can describe X more concretely in terms of upper and lower half planes. Let sgn : R × → {±1} be the sign function, and define the subgroup
Proof. Let us temporarily denote the set in (2.3) by W . We need to show that the G(R)-orbit of (i, . . . , i) ∈ (C \ R) Σ is equal to W . By definition of G in (2.1) and the usual formula for the imaginary part under Möbius transformations in terms of the determinant, we see that
By looking at signs of imaginary parts, we must have det g ′
of being a Shimura datum really only depend on the adjoint group. We already saw that (G 1 , X 1 ) satisfies these axioms, so we conclude that (G, X) is a Shimura datum, too. We call the associated Shimura variety Sh(G, X) a variant of the Hilbert modular variety.
Example 2.3. (PEL Hilbert modular variety) In the case
To be precise, it is associated to the type (C) PEL datum consisting of the simple Q-algebra F , with trivial involution, acting on the Q-vector space V = F 2 equipped with the alternating, Q-bilinear, F -compatible form ψ : V × V → Q given by
We call the associated Shimura variety Sh(G 0 , X 0 ) the PEL Hilbert modular variety.
The Shimura datum (G, X) depends on the choice of the intermediate torus G m ֒→ R ֒→ R F/Q G m . We think of the family of Shimura varieties Sh(G, X) as interpolating between the Hilbert modular case (R = R F/Q G m ) and the PEL Hilbert modular case (R = G m ). Our goal is to develop a plectic theory for all these variants of the Hilbert modular variety in order to bridge the gap between the results of [Nek09] and [NS16] . We start by relating the complex points of the Shimura variety Sh(G, X) to isomorphism classes of abelian varieties equipped with extra structure.
First we look at quadruples (A, i, s, η). Here A denotes a complex abelian variety of dimension [F : Q] equipped with real multiplication by F via the ring homomorphism i : F ֒→ End(A) ⊗ Z Q. Moreover, s is a polarisation of A, which we think of as a Riemann form s :
More precisely, we are interested in quadruples (A, i, R(Q)s, ηZ(Q)), i. e. not s (resp. η) itself is part of the datum, but only the class of all R(Q)-multiples (resp. Z(Q)-translates) of s (resp. η). Additionally, we require that η sends the class R(A f )ψ to R(A f )s and that there exists an F -linear isomorphism
We call two quadruples (A, i, R(Q)s, ηZ(Q)) and
We denote the set of isomorphism classes of such quadruples by A(C).
Theorem 2.4. Let G m ֒→ R ֒→ R F/Q G m be an intermediate algebraic torus over Q and (G, X) be the associated Shimura datum as above. Then there is a bijection between the complex points of the Shimura variety Sh(G, X) and the set A(C).
Remark 2.5. In the case R = G m , this is a special case of the description of the complex points of a PEL Shimura variety in terms of abelian varieties, see [Del71, 4.11 ]. In the case R = R F/Q G m , Theorem 2.4 is a special case of [Del71, 4.14] .
Proof of Theorem 2.4. The strategy of [Mil17, §6] can be employed. Namely, one checks that the following two maps are well-defined and inverse to each other. For
Conversely, if the isomorphism class of a quadruple (A, i, R(Q)s, ηZ(Q)) is given, let a : In particular, for general R we have a description of Sh(G, X)(Q) as the set A(Q) of isomorphism classes of quadruples (A, i, R(Q)s, ηZ(Q)) as above, but with A defined over Q. The Galois group Γ Q acts on an element of A(Q) in the obvious way by conjugating the abelian variety and its extra structure.
On the special points of Sh(G, X), we can describe this action in more concrete terms. 2 Here a point [h, g] of Sh(G, X)(C) is called special if the Mumford-Tate group of h is a torus. By [Mil17, 14.11] , this is the case if and only if the abelian variety A of the associated quadruple [A, i, R(Q)s, ηZ(Q)] under the bijection in Theorem 2.4 has complex multiplication. In particular, this implies that A is defined over Q, hence the above quadruple defines a Q-point of Sh(G, X).
More precisely, A having CM means that i : F → End(A)⊗ Z Q extends to a homomorphism K → End(A) ⊗ Z Q, where K is a totally imaginary quadratic extension of F . The field K is a CM field and Gal(K/F ) = c , where c denotes complex conjugation (under any embedding of K into C). If A has CM by K, then the pairing s in the quadruple [A, i, R(Q)s, ηZ(Q)] is automatically not only F -, but also K-compatible, i. e. we have
This is because when A has CM by K, then H 1 (A, Q) is isomorphic to K which has dimension 2 over F . The space W of all F -compatible Q-bilinear alternating forms on H 1 (A, Q) is an F -vector space of dimension 1, and the set of all K-compatible forms is a non-trivial F -subspace of W and hence equal to W .
Before proceeding, let us describe polarised CM abelian varieties (A, i, s) more concretely as in [Mil07, Prop. 1.3]. Here A denotes a complex abelian variety equipped with CM by i : K → End(A) ⊗ Z Q and a K-compatible polarisation s. Diagonalising the action of K on the tangent space of A at the origin yields an isomorphism of this tangent space with C Φ , where Φ is a CM type of K, i. e. Hom(K, C) = Φ ⊔ Φ. In other words, Φ contains precisely one embedding of every complex conjugate pair of embeddings of K into C.
We can thus find an isomorphism ξ :
is canonically equal to K, so pulling back the polarisation s via ξ gives a pairing K × K → Q. The K-compatibility of s implies, see [Shi71, (5.5.13)], that there exists a unique totally imaginary element t ∈ K × satisfying Im ϕ(t) > 0 for all ϕ ∈ Φ such that the pairing is equal to
We call (K, Φ; a, t) the type of (A, i, s). It is determined up to changing (a, t) to (λa, t λc(λ) ) with λ ∈ K × . Thus an arbitrary CM point [A, i, R(Q)s, ηZ(Q)] of Sh(G, X) can be written, via the isomorphism ξ above, as
with (K, Φ; a, t) as above, the endomorphism i Φ (k), for k ∈ K, given as the reduction modulo Φ(a) of multiplication by Φ(k) on C Φ , and η ′ = ξ −1 • η.
The key to describe the Galois conjugate of a CM point is Tate's half transfer, see e. g. [Mil07, §4] . For a CM field K ⊂ Q and a CM type Φ of K, this is the map F Φ : Γ Q → Γ ab K defined as follows: Fix coset representatives w ρ for the right
This definition is independent of the choice of coset representatives. There is a natural lift of F Φ under the Artin map called the Taniyama element f Φ : Γ Q → A × K,f /K × , constructed as follows. Look at the commutative diagram with exact rows (2.7) 0 ker(r K )
Lemma 1], ker(r K ) is uniquely divisible and complex conjugation c acts trivially on it, so the left vertical arrow is an isomorphism. By an easy diagram chase, this means that the right hand square is Cartesian.
Using the properties of the half transfer, one sees that 1+c F Φ (γ) = V K/Q (γ) = r K (χ cyc (γ)). Since the right hand square in (2.7) is Cartesian, there exists a unique Theorem 2.6. As in (2.5), let
Remark 2.7. For a lattice a in K and an idele f ∈ A × K,f , the lattice f a ⊂ K is defined in [Lan83, Ch. 3.6, p. 77-78]. For example, if a = p p ap is a fractional ideal of K, then f a is given by the fractional ideal p p ap+vp(fp) .
Plectic Galois group and action on CM points
3.1. Plectic Galois group and half transfer.
Definition 3.1. The plectic Galois group is the group
The absolute Galois group Γ Q of Q embeds into Γ pl by mapping γ ∈ Γ Q to the map [γ ′ → γγ ′ ] ∈ Γ pl given by left translation by γ.
There are several equivalent definitions of the plectic group. Definition 3.1 is the one in [NS16, §3]. In the next two remarks we encounter two more versions of the plectic group. For this we fix coset representatives s x for the right Γ F -cosets in Γ Q , where x ∈ Γ Q /Γ F = Σ.
Remark 3.2. Let S Σ denote the symmetric group on the finite set Σ. Let Γ Σ F denote the group of Σ-tuples h = (h x ) x∈Σ of elements of Γ F , with the group structure given by pointwise composition. The group S Σ acts on Γ Σ F by permuting the coordinates, and we can form the semi-direct product S Σ ⋉ Γ Σ F . Explicitly, the group operation is given by
The chosen coset representatives s x give a decomposition Γ Q = x∈Σ s x Γ F . By definition, α ∈ Γ Q #Γ F respects this decomposition, so for every x ∈ Σ there exists π(x) ∈ Σ such that α(s x Γ F ) = s π(x) Γ F . Moreover, the element h x = s −1 π(x) α(s x ) lies in Γ F , and in this way we get an isomorphism
The isomorphism ρ s depends on the choice of coset representatives s = (s x ) x∈Σ . However, the permutation π of Σ induced by α is independent of the choice of s and will usually be denoted by x → α(x).
Remark 3.3. In [Nek09] , the plectic group is defined to be the group 
For more details on the plectic group, e. g. functoriality properties or details on the dependencies on s, we refer to [Nek09, Bla16] . For example, we will need the following lemma.
Lemma 3.4. Let (1, prod) denote the map
Then the composition
is independent of the choice of s. Moreover, restricted to the subgroup Γ Q it is equal to the transfer map V F/Q : Γ Q → Γ ab F . Proof. Let s ′ : Σ → Γ Q be another section, so s ′ x = s x t x for some t = (t x ) x∈Σ ∈ Γ Σ F . By [Bla16, p. 7], we have ρ s ′ (α) = (1, t) −1 ρ s (α)(1, t) for all α ∈ Γ Q #Γ F , thus (1, prod)(ρ s ′ (α)) = (1, prod)(ρ s (α)).
Moreover, if α is given by left translation by γ ∈ Γ Q , then ρ s (α) is equal to (π, (s −1 γx γs x ) x∈Σ ) and hence P (α) = V F/Q (γ) by the definition of the transfer map V F/Q . We are aiming for an action of (a subgroup of) Γ pl on the set of CM points of Sh(G, X), extending the action of Γ Q . In view of Theorem 2.6, for this to work we need an action of Γ pl on CM types and a plectic Taniyama element f Φ : Γ pl → A × K,f /K × . The former is easy to construct; the latter will be an appropriate lift of a plectic half transfer F Φ : Γ pl → Γ ab K . Remark 3.5 (Plectic action on CM types). Let K ⊂ Q be a totally imaginary quadratic extension of F . Then Γ K is a subgroup of Γ F , so any α ∈ Γ Q #Γ F induces a permutation of Σ K := Hom(K, Q) = Γ Q /Γ K , which we also denote by α. In this way, given a CM type Φ ⊂ Σ K of K, we define αΦ := {α(ϕ) | ϕ ∈ Φ}.
More explicitly, let s = (s x ) x∈Σ be as above, and let ϕ x := s x | K ∈ Σ K . Then
For h ∈ Γ F , define h ∈ Z/2Z by h| K = c h ∈ Gal(K/F ) = c . One checks that the action of α on Σ K is given by
Example 3.6. Let K be a cyclic CM field of degree 6 and write G = Gal(K/Q) = g . We embed K into Q via id = g 0 and identify Σ K with G. Note c = g 3 and F = K c . It is not hard to see that the set of CM types decomposes into precisely two G-orbits, namely into the G-orbits of Ψ = {g 0 , g 1 , g 2 } and Φ = {g 0 , g 4 , g 2 }, which have orders 6 and 2 respectively.
We identify Σ = G/ c with {0, 1, 2} by g i c → i and also S Σ with S {0,1,2} = S 3 . Moreover, we choose the section s : Σ → G given by s i := g i . The action of S Σ ⋉ Γ Σ F on Σ K factors through S Σ ⋉ Gal(K/F ) Σ = S 3 ⋉ c 3 , and by (3.1) we directly calculate that (0 1), (c 1 , c 0 , c 0 ) Ψ = Φ. In particular the plectic group acts transitively on the set of CM types of K. In fact, this holds for any CM field K. Now let K be a CM field whose maximal totally real subfield is equal to F , and let Φ be a CM type of K. By [Bla16, p. 8], the definition of Tate's half transfer Remark 3.8. For each x ∈ Σ, we define the complex conjugation corresponding to x to be the element c x ∈ Γ ab F defined as follows: If s : Σ → Γ Q is a section as before, then s −1
x cs x is an element of Γ F and its image c x in Γ ab F is independent of s. Define the subgroup c := c x : x ∈ Σ ⊂ Γ ab F . By [Nek09, (1.3.1) ], the Artin map
where the α x ∈ Z/2Z are determined by (−1) αx = sgn(x(α)) for each x ∈ Σ. Note that the group F × /F × >0 is isomorphic to {±1} Σ via αF × >0 → (sgn(x(α))) x∈Σ . We state the analogues of properties [Nek09, (2.1.4)(i) and (ii)], which will be very useful.
with m x ∈ Z/2Z equal to 0 if and only if the unique elements of Φ and αΦ lying above x are the same. 
3.2.
Plectic Taniyama element and action on CM points. Let (K, Φ) be as before. We want to define a plectic Taniyama element f Φ : Γ pl → A × K,f /K × such that the following two properties hold: On the one hand, for α ∈ Γ pl we want r K (f Φ (α)) = F Φ (α), and on the other hand, if α ∈ Γ pl is given by left translation by γ ∈ Γ Q we want f Φ (α) to agree with the usual Taniyama element f Φ (γ) defined using the Cartesian diagram (2.7). We start by looking at the commutative diagram with exact rows
Here N K/F denotes the norm map, i K/F is induced from the inclusion F ⊂ K, res(γ) = γ| F ab is the restriction and V K/F the transfer map. The vertical composites are equal to 1+c, so that forgetting the middle row yields diagram (2.7). By [Nek09, (1.2.2)], we have ker(r K ) ∼ = O × K ⊗ Z (A Q,f /Q) and ker(r F ) ∼ = O × F,>0 ⊗ Z (A Q,f /Q). By Dirichlet's Unit Theorem [Neu92, Thm I.7 .4] the groups O × K and O × F,>0 have the same Z-rank. Hence the maps N K/F :
have finite kernel and cokernel, and since A Q,f /Q is a Q-vector space, we conclude that both left vertical arrows N K/F : ker(r K ) → ker(r F ) and i K/F : ker(r F ) → ker(r K ) are in fact isomorphisms. By the same diagram chase as in (2.7) this means that both right hand squares in (3.4) are Cartesian.
Let us focus on the short exact sequence in the middle, i. e.
ker(r F )
As mentioned before, the kernel ker(r F ) is uniquely divisible, hence in particular an injective object in the category of abelian groups. This implies the existence of a map ω F :
This means that the short exact sequence splits, and by the Splitting Lemma [Hat02, p. 147] this is equivalent to the existence of a homomorphism χ F : Γ ab
Lemma 3.10.
1. Restricted to the subgroup c ⊂ Γ ab F , any splitting χ F is an inverse to the isomorphism in (3.3). 2. We can choose the splitting χ F so that the following diagram commuteŝ
is a group homomorphism with domain a finite group and target a uniquely divisible group, this restriction must be trivial. This easily translates into the desired property of χ F .
For 3.10. look at the commutative diagram
, and this again easily translates into the desired property of χ F . From now on, fix a splitting χ F satisfying the additional property 3.10. in Lemma 3.10.
Definition 3.11. Let α ∈ Γ pl . By the top right Cartesian square in (3.4), there exists a unique element f Φ (α) ∈ A × K,f /K × such that r K (f Φ (α)) = F Φ (α) and
We call the map
Remark 3.12. The definition of f Φ depends on the choice of splitting χ F .
Lemma 3.13. Let γ ∈ Γ Q and let α ∈ Γ Q #Γ F be given by left translation by γ. Then
Proof. By definition (3.2), we have F Φ (γ) = F Φ (α). We also have r K (f Φ (γ)) = r K (f Φ (α)) = F Φ (γ). Moreover, f Φ (γ) is uniquely determined by the condition 1+c f Φ (γ) = χ cyc (γ)K × , so it is enough to show that 1+c f Φ (α) = χ cyc (γ)K × . Using 1 + c = i K/F • N K/F followed by the defining property of f Φ (α), then using part 3.9. of Lemma 3.9 together with the final part of Lemma 3.4, and finally applying Lemma 3.10 yields
where m ∈ F × satisfies sgn(x(m)) = (−1) mx . This finishes the proof.
Remark 3.14. In [Nek09, (2.2. 2)] the plectic Taniyama element f Φ (g) is defined for elements g of a certain subgroup Aut F (F ⊗ Q Q) 1 of Aut F (F ⊗ Q Q). It is precisely the splitting χ F that allows us to define a plectic Taniyama element f Φ on the entire plectic group Γ pl . Using [Nek09, (2.2.3)(vi)], the same calculation as in the proof of Lemma 3.13 shows that f Φ extends f Φ .
Let R be a Q-algebraic torus with associated Shimura datum (G, X) as in Section
We will also write (Γ Q #Γ F ) R CM for Γ pl,R CM , and denote the subgroup of S Σ ⋉ Γ Σ F (resp. Aut F (F ⊗ Q Q)) isomorphic to (Γ Q #Γ F ) R CM under the isomorphism of Remark 3.2 (resp. Remark 3.3) by (S Σ ⋉ Γ Σ F ) R CM (resp. Aut F (F ⊗ Q Q) R CM ). By Lemma 3.4 this is independent of the choice of s (on which these isomorphisms depend). 
In particular, for R = R F/Q G m and R = G m the group Γ pl,R CM does not depend on the choice of χ F . We do not know if this is the case for arbitrary R. 
(3.7)
This defines a group action of Γ pl,R CM on the set of CM points of Sh(G, X), extending the action of Γ Q .
Proof. We abbreviate [C Φ /Φ(a), i Φ | F , R(Q)E t , ηZ(Q)] by P. It is easy to check that (3.7) does not depend on the choices of f , u, or the chosen representative (C Φ /Φ(a), i Φ | F , R(Q)E t , ηZ(Q)) of the isomorphism class P. We now show that the right hand side of (3.7) does indeed define a CM point of Sh(G, X).
For this we need to check two things. First of all, we want that f •η sends
By definition of the group Γ pl,R CM we have u ∈ R(A f ), so ur ∈ R(A f ) as desired. Secondly, we want that Im ρ(χt) > 0 for all ρ ∈ αΦ. We use the definition of f and f Φ (α) followed by part 3.9. of Lemma 3.9 and finally the choice of u together with part 3.10. of Lemma 3.10 to calculate
where the m x are defined in Lemma 3.9 and m ∈ F × satisfies sgn(x(m)) = (−1) mx . We conclude that
and since Im ϕ(t) > 0 for all ϕ ∈ Φ we precisely get Im ρ(χt) > 0 for all ρ ∈ αΦ.
Thus αP is well-defined. That it defines a group action follows easily from the cocycle relation in part 3.9. of Lemma 3.9. Finally, the action extends the action of Γ Q by Theorem 2.6 and Lemma 3.13 combined with part 3.10. of Lemma 3.10. 
Plectic action on connected components
Let R, G, and X be as in Section 2.2. We apply general results from the theory of Shimura varieties to describe the set of connected components of the Shimura variety Sh(G, X). Remark 4.3. Taking the projective limit over all U in Lemma 4.1 yields a map π 0 : Sh(G, X) → Sh(R, S), which can be described by the same formula.
Definition 4.4. We let Γ Q act on Sh(R, S) as follows. Let γ ∈ Γ Q and let q ∈ A × Q be such that art Q (q) = γ. Moreover, let us denote the embedding G m ⊂ R by i. Then we define
Proof. This is [Mil17, (64) ] because for the Shimura datum (G, X) the reciprocity morphism defined in [Mil17, (60) ] is easily seen to be equal to i : G m → R.
For technical reasons, we use the following slightly different description of the connected components of Sh(G, X). To that extent, let us equip R(A) ⊂ A × F with the subspace topology, and let C R := R(A)/R(Q). For example, for R = R F/Q G m the group C R is equal to the idele class group C F of F . Lemma 4.6. We have π 0 (Sh(G, X)) = π 0 (C R ).
Proof. By part 4.1. of Lemma 4.1, we have π 0 (Sh(G, X)) = lim
where 1 denotes the trivial subgroup in R(R). As taking π 0 commutes with taking the projective limit over U, we are left to show that the canonical map
is an isomorphism. The map p is injective because R(Q) is discrete in R(A) and the intersection over all U is trivial. It is surjective because the topological group C R is complete (because it is a subgroup of C F , which is complete), and R(Q) is a discrete subgroup of R(R).
From now on, let us denote the fixed embedding G m ⊂ R (resp. R ⊂ R F/Q G m ) by i (resp. j).
Lemma 4.7. If we let γ ∈ Γ Q act on π 0 (C R ) as multiplication by i art −1 Q (γ| Q ab ) , then the bijection of Lemma 4.6 is Γ Q -equivariant.
Proof. This follows directly from the explicit description of the bijection in Lemma 4.6 and the Galois action on π 0 (Sh(G, X)) in Definition 4.4.
Lemma 4.7 motivates the following definition.
Definition 4.8. We define the group Γ pl,R π 0 by the Cartesian diagram (4.1)
Moreover, we let α ∈ Γ pl,R π 0 act on π 0 (C R ) as multiplication by P π 0 (α).
Remark 4.9. If j : π 0 (C R ) → π 0 (C F ) is injective, then so is the bottom and hence also the top horizontal arrow in (4.1). Thus in this case the group Γ pl,R π 0 canonically embeds into Γ pl . However, the injectivity of j may depend on the choice of R, so the group Γ pl,R π 0 is not a subgroup of Γ pl in general.
Example 4.10. For R = R F/Q G m , the map j is equal to the identity and art F is an isomorphism, thus Γ pl,R π 0 = Γ pl . For R = G m , the bottom left entries of diagrams (3.6) and (4.1) are isomorphic via art Q , and the map j : π 0 (C Q ) → π 0 (C F ) corresponds to the transfer map V F/Q : Γ ab Q → Γ ab F under class field theory. Thus the groups Γ pl,Gm π 0 and Γ pl,Gm CM are canonically isomorphic.
Lemma 4.11. The group Γ pl,R CM canonically embeds into Γ pl,R π 0 . In particular, Γ Q canonically embeds into Γ pl,R π 0 , and restricted to Γ Q the actions in Definition 4.8 and in Lemma 4.7 agree.
Proof. Look at the diagram (4.2) Looking only at the outer edges of (4.2), we conclude that the embedding Γ pl,R CM ⊂ Γ pl factors through Γ pl,R π 0 by the Cartesian diagram (4.1) and we get the commutative diagram (4.3)
where λ denotes the composition of the two left hand vertical arrows of (4.2). Finally, for γ ∈ Γ Q and α ∈ Γ pl,R CM given by left translation by γ, we have P π 0 (α) = λ(α) = i art −1 Q (γ| Q ab ) , where the second equality follows from Remark 3.17. This proves the last assertion.
We are ready to prove our main result.
Theorem 4.12. Let Sh(G, X) CM denote the set of CM points of Sh(G, X). Then the map π 0 : Sh(G, X) CM −→ Sh(R, S)
is Γ pl,R CM -equivariant. Proof.
be a CM point of Sh(G, X), with K a totally imaginary quadratic extension of F and (K, Φ; a, t) as in (2.5). Write the CM type Φ as Φ = {ϕ x | x ∈ Σ F }, where ϕ x | F = x for all x ∈ Σ F . We assume that Im ϕ x (t) > 0 for all x ∈ Σ F . The proof proceeds in three steps.
(a) Calculation of π 0 (P). We start by calculating the point [h, g] ∈ Sh(G, X) corresponding to P. Note that H 1 (C Φ /Φ(a), Q) = K and the Hodge structure h Φ : S → GL(H 1 (C Φ /Φ(a), R)) of the abelian variety C Φ /Φ(a) is given on real points by Following the same calculation as in the previous step, but with Φ replaced by αΦ, t replaced by χt, and a replaced by a ′ with a ′ (1) = 1 0 and a ′ 1 χt = 0 1 , leads to π 0 (αP) = [(1) x∈Σ , d(a ′ • f • η)] ∈ Sh(R, S).
Using a ′ = 1 χ • a we see that
so we conclude that π 0 (αP) = [(1) x∈Σ , u d(a • η)]. (4.5) (c) Calculation of α(π 0 (P)). By Definition 4.8, the element α acts on π 0 (P) as multiplication by P π 0 (α) ∈ π 0 (C R ). By (4.3) we have P π 0 (α) = λ(α), which by definition of λ and u is equal to the image of uR(Q) >0 inside π 0 (C R ). Now the identification of Lemma 4.6 together with (4.4) yields α(π 0 (P)) = [(1) x∈Σ , u d(a • η)], which is equal to π 0 (αP) by (4.5).
Remark 4.13. A priori, the group Γ pl,R CM as well as its action on CM points depend on the choice of splitting χ F of r F . However, Theorem 4.12 shows equivariance for the Γ pl,R CM -action for any choice of χ F .
